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Abstract 
Margenstern, M., Nonerasing Turing machines: a frontier between a decidable halting problem and 
universality, Theoretical Computer Science 129 (1994) 419-424. 
A new criterion, namely, the number of colours used by the instructions of a Turing machine 
program, is proposed to settle the frontier between a decidable halting problem and universality for 
Turing machines. The efficiency of this criterion has been proved by Pavlotskaf (1975) for 
deterministic Turing machines on alphabet {0, 11. It is used here in the case of nonerasing Turing 
machines on the same alphabet. 
1. Introduction 
In this note we consider only deterministic Turing machines working with a single 
head on a single tape, unbounded on both sides. The alphabet is (0, I}, with 0 as blank 
symbol. 
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2. Definitions 
As usual, instructions of a Turing machine are represented by quintuples of the 
form ixhilyj, where i is the state of the machine when it scans the current cell, x the 
scanned symbol, y the written symbol, M the move to be performed by the machine 
head (M = L or R), and j the new state, under which the machine performs the next 
step of its computation. 
We call colour of instruction ix Myj the triplet xMy. The notion of colour gives an 
account of the following two aspects of the movement of the machine head on its tape: 
_ change of symbols on the tape while the machine head moves (change in colours in 
that sense), 
_ element or atom of the signal constituted of the track that the displacement of the 
machine head lays down on a space-time diagram. 
Concerning the first aspect, if the control unit of the machine is a black box, then 
only colours - and not instructions - are perceived. 
The second aspect is illustrated in Fig. 1, below. 
Given a colour xMy, we call laterality of the colour the value of M. The laterality of 
an instruction is that of its colour. A machine will be called n-coloured if the set of the 
colours of its instructions possesses precisely n elements. For n= 2 and 3, we say, 
respectively, bicoloured and tricoloured machines. We call the operation which con- 
sists in transforming the machine M into a machine M’ obtained by exchanging in the 
program of M the move letters L and R the lateral symmetry with colours. 
In this note, we mean halting problem for the problem, whether the computation of 
the machine eventually halts or does not halt, starting from its initial configuration 
defined as follows: all cells of the tape contain the blank symbol, except, possibly, 
finitely many ones, the control unit of the machine is in a distinguished state called 
initial state, the head is on some cell of the tape (not necessary a fixed one as, for 
example, the leftmost nonblank symbol). 
3. Results 
In two rather unnoticed papers Pavlotskdia [3,4] proves the following theorem 
(reformulated by us according to the above definition). 
Theorem 1 (Pavlotskaia [3]). The halting problem is decidable for any bicoloured 
Turing machine on the alphabet (0, l}. 
Theorem 2 (Pavlotskaia) [4]). Th ere is a tricoloured universal Turing machine on the 
alphabet {O,l>. 
Thus, the notion of colour of an instruction provides a criterion to discriminate 
between decidability and undecidability of the halting problem for Turing machines 
on (0, l}. In that case, it settles precisely the frontier between the two domains. 
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Fig. 1. Colour, as atomic signal of the head displacement. 
The proof is too long to be given here. A detailed, readable account is given in the 
author’s survey [l]. It is worth mentioning that in the proof, undecidability is settled 
by the existence of morally universal machines, i.e. machines which are not strictly 
universal but which mimic a true universal machine so closely that undecidability of 
the halting problem is entailed. 
In this note, we claim that the number of colours also provides a frontier between 
a decidable halting problem and universality for nonerasing Turing machines on 
alphabet (0, l}, i.e. machines for which no instruction has colours 1RO or 1LO. In some 
sense, a nonerasing Turing machine simulates a device working on a nonrewriting 
memory like CD ROM. The frontier property is stated by the following two theorems. 
Theorem 3. The halting problem is decidable for any’ nonerasing Turing machine on 
alphabet (0, l} which is at most four coloured. 
Theorem 4. There is a nonerasing universal Turing machine on alphabet {0, 1) which is 
five coloured. 
Moreover. such a machine can be constructed with at most 125 states. 
We call any one of the following four colours ORO, lR1, OLO and lL1 pure move 
colour. Pure move colours are those under which the scanned symbol remains 
unchanged. 
Theorem 3 is a direct corollary of the stronger result, Theorem 5. 
Theorem 5. For nonerasing five-coloured Turing machines on alphabet (0, l}, the 
halting problem is decidable ifat least one of the four pure move colours is missing. 
Proof of Theorem 3. On alphabet (0, l}, there are at most eight possible colours and 
the condition of nonerasing rules out two of them: colours 1LO and 1RO. It is clear that 
it is enough to establish decidability for machines having at their disposal at most four 
colours: the arguments will show that the hypothesis that a considered colour does 
occur is not needed. 
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There are, a priori, 15 possible assortments of four colours among the six allowed. 
In view of the symmetry of the halting problem with respect to laterality, it will be 
enough to consider the following nine cases: 
(1) OR0 OLO 1Rl lL1, (2) OLl OR1 OR0 OLO, 
(3) OLl OR1 lR1 lL1, (4) OLl OR1 OR0 lL1, 
(5) OLl OR1 OR0 lR1, (6) OLl OR0 OLO lR1, 
(7) OLl OLO 1Rl lL1, (8) OLl OR0 lR1 lL1, 
(9) OLl OLO OR0 1Ll. 
Cases 3,4,5 and 8 are degenerated cases of machines taking their colours among the 
following five colours: OLl OR0 1Rl 1Ll ORl. 
Case 7 is a degenerated case of the assortment, symmetrical to the preceding one. 
Cases 2 and 9 are degenerated cases of the following five-coloured assort- 
ment: OLO 1Ll OR0 OLl ORl, and case 6 is a degenerated case of the symmetrical 
assortment. 
Now, Theorem 5 applies to each of the above five-coloured assortments, since each 
is lacking in at least one pure move colour. 
Case 1 alone escapes from Theorem 5. However, in that case, the machine does not 
alter the tape and is just a two-way finite automaton. From a result of Shepherdson 
[6], it is known that such a machine can be simulated by a finite automaton; hence, it 
has a decidable halting problem. Cl 
There are six five-coloured assortments, the colours of which are chosen among the 
six nonerasing ones. Two assortments precisely contain the four pure move colours. 
The four remaining ones are in fact two, in view of lateral symmetry. The proof of 
Theorem 5 lies on the examination of these two remaining cases, namely, the case of 
assortment 
OLl OR0 1Rl 1Ll OR1 
and of assortment 
OLO 1Ll OR0 OLl ORl. 
The detailed analysis of these two cases is beyond the scope of this short note. It is 
fully given in the author’s work Cl]. 
The first statement of Theorem 4 parallels rather closely the construction of Zykin 
[7] for proving Wang’s theorem regarding the existence of universal nonerasing 
Turing machines on alphabet (0, l}. The resulting construction applied to 
Rogozhin’s minimal 24 x 2 universal machine [S], leads to a nonerasing five-coloured 
universal machine with about 3700 states. 
It might be thought that simulating direct/y the execution of a tag system which 
would emulate the computations performed by a Turing machine on {0, 1) (see, for 
instance, [2]), would yield a smaller nonerasing five-coloured universal machine. 
Indeed, the program we give in Fig. 2 provides such a machine with only 125 states. 
The author’s report [l] gives its precise working. 
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1 L49 
2 R3 
3 R4 
4 lL7 
5 R4 
6 R5 
-I L6 
8 R 
9 R8 
10 Rll 
11 R12 
12 R9 
13 R17 
14 R15 
15 R16 
16 R13 
17 R18 
18 R19 
19 R21 
20 R 
21 1 L28 
22 R23 
23 R24 
24 R21 
25 L28 
26 L25 
27 L26 
28 L27 
29 R 
30 R 
31 R30 
32 R33 
33 R34 
34 R31 
35 lL21 
36 R37 
37 R38 
38 R43 
39 R36 
40 R41 
41 R42 
42 R39 
0 1 
R2 
R3 
L49 
R9 
R53 
R29 
R14 
RlO 
RI1 
R56 
R14 
R15 
L18 
L60 
R2 
R22 
R23 
R64 
L28 
L25 
Rl 
R31 
R40 
R32 
R33 
R67 
R121 
R40 
R41 
43 R35 
44 R45 
45 R46 
46 R43 
47 L3 
48 L47 
49 R53 
50 R 
51 L52 
52 L 
53 R50 
54 R55 
55 R5 
56 lL23 
57 lL55 
58 lL51 
59 lL61 
60 lL59 
61 R50 
62 lL46 
63 1 L62 
64 IL45 
65 lL64 
66 lL65 
67 L70 
68 lL67 
69 lL68 
70 L71 
71 L 
72 L73 
73 Ll4 
74 R! 
75 R123 
76 L75 
77 R 
78 R83 
79 R 
80 R81 
81 R82 
82 R77 
83 R 
84 R 
0 1 
R44 
R45 
R46 
R62 
L3 
R36 
L48 
R56 
L 
L60 
R54 
R55 
R57 
R57 
R58 
Rll 
L17 
L59 
R 
R63 
Rl 
R65 
R66 
R23 
R68 
R69 
R36 
L 
L72 
L 
R108 
L76 
R79 
L 
R78 
R 
R80 
R 
R 
R87 
R91 
85 L 
86 R84 
87 R88 
88 R89 
89 R86 
90 lL97 
91 R92 
92 R93 
93 R90 
94 L85 
95 L94 
96 L95 
97 L96 
98 L102 
99 L98 
100 L99 
101 LlOO 
102 L103 
103 L 
104 lL105 
105 1 L72 
106 R 
107 R 
108 R109 
109 R106 
110 R107 
111 R 
112 lL90 
113 Rlll 
114 R115 
115 R116 
116 R113 
117 R112 
118 R119 
119 R120 
120 R117 
121 R124 
122 R123 
123 R38 
124 R 
125 R20 
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0 1 
LlOl 
R87 
R88 
R91 
R92 
L97 
L94 
LlOl 
L98 
L 
L104 
L 
L72 
RI10 
R114 
R 
R 
R118 
R114 
R115 
R118 
R119 
R122 
R123 
R38 
R125 
R 
Fig. 2. Program of the five-coloured nonerasing universal machine with 125 states. 
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